Type A Images of Galois Representations and Maximality by Hui, Chun Yin & Larsen, Michael
ar
X
iv
:1
30
5.
19
89
v3
  [
ma
th.
NT
]  
11
 A
ug
 20
14
TYPE A IMAGES OF GALOIS REPRESENTATIONS
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CHUN YIN HUI AND MICHAEL LARSEN
1. Introduction
Throughout this paper, K will be a number field, K¯ an algebraic
closure of K, GalK := Gal(K¯/K) the absolute Galois group of K,
X a complete non-singular variety over K, and i a non-negative inte-
ger. Setting Wℓ := H
i(X¯,Qℓ), we obtain a (Serre) compatible system
of Galois representations GalK → GL(Wℓ). More generally, we con-
sider any subsystem of {Wℓ}, i.e., any compatible system of Galois
representations ρℓ : GalK → GL(Vℓ), where each Vℓ is an n-dimensional
GalK-stable subspace of Wℓ. Let Γℓ := ρℓ(GalK) denote the image,
which is a compact ℓ-adic Lie group. Let Gℓ denote the Zariski closure
of Γℓ in GLn.
Serre conjectured and later proved [Se2, Se3] that Γℓ = GL2(Zℓ) for
all ℓ sufficiently large. There has been a substantial effort to generalize
this result, to two dimensional Galois representations (see, e.g., [Ri1,
Ri2]), to higher dimensional abelian varieties (see, e.g., [Se6]), to higher
dimensional compatible systems of Galois representations (see, e.g.,
[Ha]), and even to Drinfeld modules (see, e.g., [PR, DP]). In the general
setting of this paper, the naive conjecture, that Γℓ is a maximal compact
subgroup of Gℓ(Qℓ) for all ℓ sufficiently large, is clearly too optimistic.
For instance, if X = CP2, i = 4, then Γℓ consists only of the perfect
squares in Z×ℓ ⊂ GL1(Qℓ).
In order to state a plausible conjecture, we introduce some additional
notation. For any algebraic group G, we denote by G◦ the identity
component of G, by R(G) the radical of G, and by Gß the (connected)
semisimple quotient G◦/R(G◦). If Γ is a compact and Zariski-dense
subgroup of G(Qℓ), then
Γ◦ := Γ ∩G◦(Qℓ)
is Zariski-dense in G◦, and
Γß := Γ◦/Γ◦ ∩R(G◦)(Qℓ)
Michael Larsen was partially supported by NSF grant DMS-1101424.
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is Zariski-dense in Gß. By a theorem of Chevalley [Pi], Γß is an open
subgroup of Gß(Qℓ). It is only the semisimple part of Γℓ, namely Γ
ß
ℓ ,
that we are interested in, since, as we have seen, we cannot expect max-
imality for the toral part of a Galois representation, and (conjecturally)
Gℓ should always be reductive. A more delicate point is that we cannot
always expect Γßℓ to be a maximal compact subgroup of G
ß(Qℓ), since
ρℓ may factor through a central isogeny G˜ℓ → Gℓ. It can easily happen
that the image of a maximal compact of G˜(Qℓ) fails to be maximal in
Gℓ(Qℓ).
A solution to this difficulty is to define Gsc to be the universal
covering group of Gß and Γsc to be the inverse image of Γß under
Gsc(Qℓ) → G
ß(Qℓ). There is no purely group-theoretic reason to ex-
pect Γscℓ to be any less than a maximal compact subgroup of G
sc
ℓ (Qℓ).
The second-named author proved [La] that for a density 1 set of primes
ℓ, Γscℓ is not only a maximal compact subgroup but a hyperspecial max-
imal compact. Conjecturally, the same thing should be true for all ℓ
sufficiently large. In this paper, we prove it under a group theoretic
hypothesis on Gℓ.
We say that an algebraic group G over an algebraically closed field
F is of type A if every simple factor of Gsc (defined above) is a product
of groups of the form SLmi . An algebraic group G over a general field
F is of type A if the group obtained from G by extending scalars to F¯
is so.
Our main theorem is the following:
Theorem 1. For all ℓ sufficiently large, if Gℓ is of type A, then Γ
sc
ℓ
is a hyperspecial maximal compact subgroup of Gscℓ (Qℓ) and G
sc
ℓ is un-
ramified over Qℓ.
The key idea in the proof of Theorem 1 is to compare the “rank” of Γℓ
(or its (mod ℓ) reduction) to that of its Zariski-closure. To some extent,
this parallels the strategy of [La]. A key difference is that in [La], one
compares two different notions of dimension rather than rank, though
it should be added that a version of dimension (somewhat different
from that in [La]) does play some role in this paper.
We would like to thank Frank Calegari for his comments on an earlier
draft of this paper.
2. The Main Theorem
There are several different definitions in the literature of the rank of
an algebraic group G. For us, the rank of G, denoted rkG, will always
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mean the absolute rank of the semisimple group Gß. What is special
about groups of type A for our purposes is the following.
Lemma 2. If G is a connected, semisimple group of type A and H is
any proper closed subgroup of G, then rkH < rkG.
Proof. ReplacingG by its universal covering groupGsc andH byH×G
Gsc does not change ranks, so we may assume G is simply connected.
Extending scalars, we may assume thatG =
∏
i SLmi for some sequence
of integers mi ≥ 2.
We use induction on the number of factors. We first treat the base
case, G = SLm. Without loss of generality, we may assume that H is
connected. If the unipotent radical U of H is non-trivial, then by a
classical theorem of Borel and Tits [BT], there exists a proper parabolic
subgroup P of SLm such that H is contained in P and U is contained
in the unipotent radical N of P. Thus H/U is a connected reductive
group contained in the Levi factor M ∼= P/N. The semisimple rank
of H is the same as that of H/U, which is the same as the rank of
the derived group of H/U, which is isomorphic to a subgroup of the
derived group of M. Since the derived group of M is a semisimple
group of rank less than rkG, any subgroup of M also has rank less
than rkG.
Next, we consider the case that H is connected and reductive. The
derived group of H is therefore a semisimple subgroup of SLm whose
rank equals rkH. However, it is well-known that SLm has no proper
equal-rank semisimple subgroup (because the extended Dynkin dia-
gram of SLm has a transitive automorphism group). Therefore, again
rkH < rkG.
For the induction step, let H1 denote the image of H under the pro-
jection to SLm1 andH
1 denote the intersection ofH with the product of
factors other than SLm1 . Thus, H1
∼= H/H1, and rkH = rkH1+rkH
1.
The induction hypothesis implies that this sum equals rkG if and only
if H1 = SLm1 and H
1 equals the product of all the remaining factors,
in which case H = G. 
Let ℓ ≥ 5 be prime and g a Lie type (e.g., An, Bn, Cn, Dn, ...). We
define the ℓ-dimension function, dimℓ, the g-type ℓ-rank function, rk
g
ℓ ,
and the total ℓ-rank function, rkℓ, on finite groups. The definitions of
rkgℓ and rkℓ can also be found from [Hu2, Definition 14, Remark 3.3.2].
The dimension of an algebraic group G/F as an F -variety is denoted
dimG, and we write dim g for dimG for any simple algebraic group G
of type g. Let Γ¯ be a finite simple group of Lie type in characteristic
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ℓ. Then there exists some adjoint simple group G¯/Fℓf so that
Γ¯ = G¯(Fℓf )
der,
the derived group of the group of Fℓf -rational points of G¯. By base
change to F¯ℓ, we obtain
G¯×F
ℓf
F¯ℓ =
m∏
H¯,
where H¯ is an F¯ℓ-adjoint simple group of some Lie type h. We then set
the ℓ-dimension of Γ¯ to be
dimℓ Γ¯ := f · dim G¯,
the g-type ℓ-rank of Γ¯ to be
rkgℓ Γ¯ :=
{
f · rk G¯ if g = h,
0 otherwise,
and the total ℓ-rank of Γ¯ to be
rkℓ Γ¯ :=
∑
g
rkgℓ Γ¯.
For example, PSLn(Fℓf ) and PSUn(Fℓf ) both have ℓ-dimension f(n
2−
1), An−1-type ℓ-rank and total ℓ-rank f(n − 1). For simple groups
which are not of Lie type in characteristic ℓ, we define the ℓ-dimension
and g-type ℓ-rank to be zero. In particular, the total ℓ-rank of Z/pZ
is zero, even if p = ℓ. We extend the definitions to arbitrary finite
groups by defining the ℓ-dimension, g-type ℓ-rank, and total ℓ-rank of
any finite group to be the sum of the ranks of its composition factors.
This definition makes it clear that dimℓ, rk
g
ℓ , and rkℓ are additive on
short exact sequences of groups. In particular, the ℓ-dimension and the
total ℓ-rank of every solvable finite group are zero.
We can further extend the definitions to certain infinite profinite
groups, including compact subgroups of GLn(Qℓ), as follows. If Γ is a
finitely generated profinite group which contains an open pro-solvable
subgroup, then
dimℓ Γ := dimℓ Γ/∆,
rkgℓ Γ := rk
g
ℓ Γ/∆,
rkℓ Γ := rkℓ Γ/∆
(1)
for any normal, pro-solvable, open subgroup ∆ of Γ. Since for any
profinite group, open normal subgroups are cofinal among all open
subgroups and if ∆1 ⊂ ∆2 are normal, prosolvable, and open, then
∆2/∆1 is finite and solvable, the right hand side in each formula in (1)
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is well-defined. As the ℓ-dimension and the total ℓ-rank of every pro-ℓ
group is zero, we have
dimℓ Γℓ = dimℓ Γ¯ℓ,
rkgℓ Γℓ = rk
g
ℓ Γ¯ℓ,
rkℓ Γℓ = rkℓ Γ¯ℓ,
where Γ¯ℓ denotes the image in GLn(Fℓ) the reduction (mod ℓ) of Γℓ
with respect to any Zℓ-lattice in Q
n
ℓ stabilized by Γℓ.
If Γ is a compact subgroup of GLn(Qℓ) and ∆ is a closed normal
subgroup, we fix a normal open, pro-ℓ subgroup Γ0 of Γ and define
∆0 := ∆ ∩ Γ0
(Γ/∆)0 := Γ0/∆0 ⊂ Γ/∆
The two groups above are pro-ℓ since closed subgroups and quotient
groups of a pro-ℓ group are still pro-ℓ [DDMS, Proposition 1.11]. We
have a short exact sequence of finite groups
0→ ∆/∆0 → Γ/Γ0 → (Γ/∆)/(Γ/∆)0 → 0,
and therefore
dimℓ Γ = dimℓ∆+ dimℓ Γ/∆,
rkgℓ Γ = rk
g
ℓ ∆+ rk
g
ℓ Γ/∆,
rkℓ Γ = rkℓ∆+ rkℓ Γ/∆.
Our basic results on dimℓ, rk
g
ℓ , and rkℓ of finite groups are the fol-
lowing.
Proposition 3. Let ℓ ≥ 5 be a prime and G¯ a connected algebraic
group over Fℓf . The composition factors of G¯(Fℓf ) are cyclic groups
and finite simple groups of Lie type of characteristic ℓ. Moreover, let
mg be the number of almost simple factors of G¯
sc ×F
ℓf
F¯ℓf of simple
type g. Then the following equations hold:
(i) rkgℓ G¯(Fℓf ) = mgf · rk g.
(ii) rkℓ G¯(Fℓf ) = f · rk G¯.
(iii) dimℓ G¯(Fℓf ) = f
∑
gmg · dim g = f · dim G¯
ß.
Proof. Since the ℓ-dimension and the total ℓ-rank of solvable groups are
zero, we perform the following reductions. Let Ru(G¯) be the unipotent
radical of G¯. We have exact sequence
1→ Ru(G¯)(Fℓf )→ G¯(Fℓf )→ G¯/R
u(G¯)(Fℓf )→ H
1(Fℓf , R
u(G¯)).
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Since Ru(G¯)(Fℓf ) is solvable and H
1(Fℓf , R
u(G¯)) = 0, we may assume
G¯ reductive. Let Z¯ be the center of G¯. We have exact sequence
1→ Z¯(Fℓf )→ G¯(Fℓf )→ G¯/Z¯(Fℓf )→ H
1(Fℓf , Z¯).
Since Z¯(Fℓf ) and H
1(Fℓf , Z¯) are abelian, we may assume G¯ = G¯
ß, i.e.,
G¯ is semisimple. If D¯ denotes the kernel of G¯sc → G¯ß, then we have
an exact sequence
1→ D¯(Fℓf )→ G¯
sc(Fℓf )→ G¯
ß(Fℓf )→ H
1(Fℓf , D¯),
so we may assume G¯ = G¯sc. Then the assertion on composition factors
and parts (i) and (ii) follow from [Hu2, Proposition 3.3.3]. Part (iii)
follows easily from the definition. 
Theorem 4. Let G¯ be a connected algebraic group over Fℓ and Γ¯ ⊂
G¯(Fℓ) a subgroup. If ℓ is sufficiently large compared to dim G¯, then the
following hold:
(i) rkℓ Γ¯ ≤ rk G¯.
(ii) If rkℓ Γ¯ = rk G¯ and G¯ is simply connected and semisimple of
type A, then Γ¯ = G¯(Fℓ).
(iii) If rkgℓ Γ¯ = rk
g
ℓ G¯(Fℓ) for all Lie types g and G¯ is simply con-
nected and semisimple, then Γ¯ = G¯(Fℓ).
(iv) If dimℓ Γ¯ ≥ dim G¯, then G¯ is semisimple and equality holds.
Proof. We recall some ideas of Nori [No]. Let k be a positive integer.
If ℓ > k and x ∈Mk(Fℓ) is nilpotent, the formula
φx(t) := exp tx = 1 + tx+
t2
2
x2 + · · ·+
tk−1
(k − 1)!
xk−1
defines an Fℓ-morphism of algebraic groups φx : A
1 → GLk. In partic-
ular, if x 6= 0, then φx(1) is of order ℓ. Conversely, every element u of
order ℓ in GLk(Fℓ) is of the form exp(x) for some nilpotent x ∈ Mk(Fℓ),
namely,
x = log u := (u− 1)−
(u− 1)2
2
+ · · ·+ (−1)k
(u− 1)k−1
k − 1
.
A closed subgroup of GLk over Fℓ is exponentially generated if it is gen-
erated by subgroups of the form φx(A
1). Since every quotient group of
an exponentially generated group is exponentially generated, every ex-
ponentially generated group is connected, every reductive exponentially
generated group is semisimple, and more generally, every exponentially
generated group is the extension of a semisimple group by a unipotent
group.
For any subgroup ∆¯ ⊂ GLk(Fℓ), we define ∆¯
+ to be the subgroup of
∆¯ generated by elements of order ℓ. Clearly ∆¯+ is a normal subgroup,
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and by [No, Theorem C], ∆¯/∆¯+ contains an abelian normal subgroup
of index bounded by a constant depending only on k. In particular, if
ℓ is sufficiently large compared to k, as we assume henceforth, then
rkgℓ ∆¯ = rk
g
ℓ ∆¯
+,
rkℓ ∆¯ = rkℓ ∆¯
+,
dimℓ ∆¯ = dimℓ ∆¯
+.
If H¯ denotes the algebraic subgroup of GLk generated by φx(A
1) as
exp(x) ranges over all elements of order ℓ in ∆¯ we have H¯(Fℓ)
+ = ∆¯+
[No, Theorem B].
If S¯/Fℓ is a simply connected semisimple subgroup of GLk, then
S¯(Fℓ) ⊂ GLk(Fℓ) is generated by its unipotent elements [St, Theo-
rem 12.4], each of the form exp(x) for some nilpotent matrix x. Let S¯+
denote the algebraic subgroup of GLk generated by the corresponding
φx(A
1). Assuming, as always, that ℓ is sufficiently large, we have
S¯+(Fℓ)
+ = S¯(Fℓ)
+ = S¯(Fℓ)
[No, Theorem B]. As the index [S¯+(Fℓ) : S¯
+(Fℓ)
+] is uniformly bounded
[No, 3.6(v)] and S¯+ and S¯ are connected, the estimates on the orders
of S¯+(Fℓ) and S¯(Fℓ) [No, 3.5] imply first that dim S¯
+ = dim S¯ and then
that S¯+(Fℓ) = S¯
+(Fℓ)
+ = S¯(Fℓ). Now, S¯
+ is exponentially generated
and therefore is the extension of a semisimple group by a connected
unipotent group U¯. As S¯+(Fℓ) ∼= S¯(Fℓ) has no solvable normal sub-
groups except subgroups of the center of G¯ and as the order of this
center is ≤ k < ℓ, it follows that U¯ is trivial, so S¯+ is semisimple.
Because their groups of Fℓ-points are the same, S¯ and S¯
+ belong to
the same isogeny class.
Now we apply this theory to a subgroup Γ¯ of G¯(Fℓ) where G¯ is a
connected group over Fℓ, and ℓ is still assumed sufficiently large in
terms of k. As the image Γ¯ß of Γ¯ in G¯ß(Fℓ) is the quotient of Γ¯ by a
solvable group, we have
rkgℓ Γ¯
ß = rkgℓ Γ¯,
rkℓ Γ¯
ß = rkℓ Γ¯,
dimℓ Γ¯
ß = dimℓ Γ¯,
so replacing G¯ and Γ¯ by G¯ß and Γ¯ß respectively, we may assume with-
out loss of generality that G¯ is semisimple. Let Γ¯sc denote the pullback
of Γ¯ to G¯sc(Fℓ). As Γ¯ contains as a subgroup of bounded index the
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quotient of Γ¯sc by a subgroup of bounded order, we have
rkgℓ Γ¯
sc = rkgℓ Γ¯,
rkℓ Γ¯
sc = rkℓ Γ¯,
dimℓ Γ¯
sc = dimℓ Γ¯.
By the classification of semisimple groups and their representations,
there exists a faithful representation G¯sc →֒ GLk defined over Fℓ for
some k bounded in terms of rk G¯. Let H¯ and G¯+ denote respectively
the Fℓ-subgroup of GLk generated by φx(A
1) as exp x ranges over all
order-ℓ elements of Γ¯sc and of G¯(Fℓ). For part (iv), we have by hy-
pothesis and Proposition 3 (iii),
dimℓ(Γ¯
sc)+ = dimℓ Γ¯
sc = dimℓ Γ¯ ≥ dim G¯ ≥ dim G¯
sc ≥ dim H¯
≥ dim H¯ß = dimℓ H¯(Fℓ) = dimℓ H¯(Fℓ)
+ = dimℓ(Γ¯
sc)+.
Thus, dim G¯ = dim G¯sc, which implies that G¯ is semisimple.
For parts (i)–(iii), replacing Γ¯ and G¯ by Γ¯sc and G¯sc respectively, we
may assume that G¯ is a simply connected semisimple Fℓ-subgroup of
GLk, where k is bounded in terms of dim G¯. Replacing Γ¯ by Γ¯
+, we
may further assume that H¯(Fℓ)
+ = Γ¯. Since H¯ ⊂ G¯+ by construction
and G¯ and G¯+ are of the same isogeny type, we have
(2) rkℓ Γ¯ = rkℓ H¯(Fℓ) = rk H¯ ≤ rk G¯
+ = rk G¯
This proves (i). For (ii), rkℓ Γ¯ = rk G¯ and (2) imply
rk H¯ = rk G¯ = rk G¯+.
We further assume that G¯ (and therefore G¯+) is of type A. As H¯ ⊂ G¯+
have the same rank, by Lemma 2, H¯ = G¯+. Since H¯(Fℓ) = G¯
+(Fℓ) =
G¯(Fℓ) is generated by order ℓ elements, we conclude that
Γ¯ = H¯(Fℓ) = G¯
+(Fℓ) = G¯(Fℓ).
For any Fℓ-semisimple group S¯, we denote by rk
g S¯ the rank of the
subgroup of S¯×Fℓ F¯ℓ generated by almost simple normal subgroups of
type g. By Proposition 3(i), rkg S¯ = rkgℓ S¯(Fℓ). By the hypothesis of
part (iii), we obtain for all Lie types g that
rkg H¯ = rkgℓ H¯(Fℓ) = rk
g
ℓ H¯(Fℓ)
+ = rkgℓ Γ¯
+
= rkgℓ Γ¯ = rk
g
ℓ G¯(Fℓ) = rk
g G¯ = rkg G¯+.
Since G¯+ is semisimple and H¯ ⊂ G¯+, this implies H¯ = G¯+ by dimen-
sion considerations. As G¯ is simply connected, it follows that
Γ¯ = H¯(Fℓ) = G¯
+(Fℓ) = G¯(Fℓ).

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Corollary 5. Let G¯ be a connected algebraic group over Fℓf and Γ¯ ⊂
G¯(Fℓf ) a subgroup. If ℓ is sufficiently large compared to dim G¯ and f ,
then the following hold:
(i) rkℓ Γ¯ ≤ f rk G¯.
(ii) If rkℓ Γ¯ = f rk G¯ and G¯ is simply connected and semisimple of
type A, then Γ¯ = G¯(Fℓf ).
(iii) If rkgℓ Γ¯ = rk
g
ℓ G¯(Fℓf ) for all Lie types g and G¯ is simply con-
nected and semisimple, then Γ¯ = G¯(Fℓf ).
(iv) If dimℓ Γ¯ ≥ f dim G¯, then G¯ is semisimple and equality holds.
Proof. This follows immediately from Theorem 4 by replacing G¯ with
the Weil restriction of scalars ResF
ℓf
/Fℓ G¯. 
Proposition 6. Let F be a local field in characteristic zero. For any
connected semisimple algebraic group G/F , there exists a finite exten-
sion F ′ of F such that G splits over F ′ and the degree [F ′ : F ] is
bounded by a constant that depends only on dimG.
Proof. For archimedan local fields, the proposition is trivial, so we as-
sume F is non-archimedean. We may assume G is simply connected.
Then G is an F -form of Gsp, which is semisimple, simply connected,
and split over F . The form of G is represented by a Galois cohomology
class
[cσ] ∈ H
1(F,Aut(Gsp)).
We will find an extension F ′ of F such that the image of [cσ] under the
restriction map
Res : H1(F,Aut(Gsp))→ H1(F ′,Aut(Gsp))
is the trivial class.
Let Dyn
G
and Gad be respectively the Dynkin diagram and the
adjoint quotient of Gsp. The short exact sequence
1→ IntGsp(F¯ )→ AutGsp(F¯ )→ OutGsp(F¯ )→ 1
is split ([Sp, Cor. 2.14]), and we can identify the inner automorphism
group IntGsp(F¯ ) with Gad(F¯ ) and OutGsp(F¯ ) with AutDynG. For
any F ′, the non-abelian cohomology sequence [Se7, Chap. 1, Prop. 38]
gives an exact sequence of pointed sets
1→ H1(F ′,Gad)
i
→ H1(F ′,Aut(Gsp))
j
→ H1(F ′,Aut(DynG))
Since G is semisimple and rkG is bounded in terms of dimG, the
size of Aut(DynG) is bounded by a constant depending on dimG. We
can choose an extension F ′ of F of bounded degree such that the
Galois action of GalF ′ on Aut(DynG) is trivial and j(Res([cσ])) cor-
responds to the trivial homomorphism of Hom(GalF ′,Aut(DynG)) =
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H1(F ′,Aut(Dyn
G
)). Thus, Res([cσ]) is in the image of i and we may
identify it with an element of H1(F ′,Gad).
Let Z be the center of Gsp. As Gsp is split, we can identify Z with
a product of factors of the form µdi. We have a short exact sequence
1→ Z→ Gsp → Gad → 1.
The long exact sequence for central extensions in non-abelian cohomol-
ogy ([Se7, Chap. 1, Prop. 43]) shows that
H1(F ′,Gsp)→ H1(F ′,Gad)→ H2(F ′,Z)
is exact. As H1(F ′,Gsp) = 0 for every ℓ-adic field F ′ [Se7, Chap. 3
§3], we have
H1(F ′,Gad) ⊂ H2(F ′,Z) =
⊕
i
H2(F ′, µdi) =
⊕
i
Br(F ′)[di].
By [Se4, Chap. XIII, Prop. 7], the restriction map associated to any
extension of F ′ of degree divisible by each di kills the class of any
H1(F ′,Gad).

Our basic result on rkℓ for ℓ-adic groups is the following.
Theorem 7. Let G be a connected algebraic group over Qℓ and Γ ⊂
G(Qℓ) a compact subgroup of G(Qℓ). If ℓ is sufficiently large compared
to rkG, then the following hold:
(i) rkℓ Γ ≤ rkG.
(ii) If rkℓ Γ = rkG and G is simply connected and semisimple of
type A, then Γ is a hyperspecial maximal compact subgroup of
G(Qℓ).
Proof. Replacing G and Γ by Gsc and Γsc do not change ranks, so we
may in any case assume that G is simply connected and semisimple.
By [Ti, 3.2], if F is a finite extension of Qℓ, every maximal compact
subgroup of G(F ) is the stabilizer G(F )x of a vertex x in the Bruhat-
Tits building of G/F . There exists a smooth affine group scheme G
over the ring of integers OF of F and an isomorphism ι from the generic
fiber of G toGF such that ι(G(OF )) = G(F )
x [Ti, 3.4.1]. Let Fℓf be the
residue field of OF . As G is simply connected, the special fiber GF
ℓf
is
connected [Ti, 3.5.2]. The maximal compact subgroup is hyperspecial
if and only if GF
ℓf
is reductive [Ti, 3.8.1], in which case it has the same
root datum as the generic fiber [DG, XXII, 2.8]. The completion of the
smooth group scheme G along the identity gives a formal group law
whose elements identify with the kernel of
r : G(OF )→ G(Fℓf )
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[Se1, 1.2], so ker r is a pro-ℓ group [Bo, III, §7, Prop. 5]. Since r is
surjective by Hensel’s lemma, we obtain
rkℓ G(OF ) = rkℓ G(Fℓf ).
If Γ is a compact subgroup of G(Qℓ), it fixes some vertex x in the
Bruhat-Tits building of G/Qℓ. By applying Proposition 6 and [La,
2.4] to G/Qℓ, there exists a finite extension F/Qℓ whose residue class
degree f is bounded by a constant C depending on rkG such that
G splits over F and the vertex x becomes hyperspecial in the Bruhat-
Tits building of G/F . Hence, Γ is contained in a hyperspecial maximal
subgroup of G(F ), which we identify with G(OF ).
By Bruhat-Tits theory [Ti, 3.4.3], there exists a smooth group scheme
H over Zℓ with generic fiber G such that for every unramified finite
extension E/Qℓ, the stabilizer in G(E) of the image of x under the
map of buildings B(G,Qℓ)→ B(G, E) is H(OE).
Let E denote the maximal subfield of F unramified over Qℓ. Let Fℓf
be the residue field of OE, which is also the residue field of OF . Define
surjections
r0 : G(OF )→ G(Fℓf )
r1 : H(Zℓ)→ H(Fℓ).
Since we have H(OE) ⊂ G(OF ) and Γ ⊂ H(Zℓ), we obtain by Corol-
lary 5(i) and Proposition 3(ii) and that
f rkG = f rkGF
ℓf
≥ rkℓ r0(H(OE)) = rkℓH(OE) = rkℓH(Fℓf )
= f rkHF
ℓf
= f rkHFℓ ≥ f rkℓ r1(Γ) = f rkℓ Γ
(3)
for all sufficiently large ℓ. Assertion (i) follows immediately.
For (ii), since rkℓ Γ = rkG, equality must hold in both inequalities
in (3). Since
r0(H(OE)) ⊂ G(Fℓf ) = GF
ℓf
(Fℓf ),
GF
ℓf
is of type A, and f is bounded by a constant depending only on
dimG, by Corollary 5(ii), r0(H(OE)) = G(Fℓf ), assuming, as always,
that ℓ is sufficiently large compared to rkG. Since H(Fℓf ) is also a
quotient of H(OE) by a pro-ℓ group, we conclude that the composition
factors of H(Fℓf ) and G(Fℓf ) are identical modulo cyclic groups.
Since GF
ℓf
is semisimple, we have
dimℓH(Fℓf ) = dimℓ G(Fℓf ) = f dimGF
ℓf
by Proposition 3(iii). Since G and H are flat, this means
dimℓH(Fℓf ) = f dim GF
ℓf
= f dimG = f dimHFℓ .
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As the special fiber of H is connected ([Ti, 3.5.3]), we can apply Corol-
lary 5(iv) to Γ¯ := H(Fℓf ) and G¯ := HFℓ and deduce that HFℓ is
semisimple. This implies H(Zℓ) is a hyperspecial maximal compact
subgroup of G(Qℓ) containing Γ. Hence, HFℓ is a connected, simply
connected and semisimple type A Fℓ-group. As r1(Γ) and HFℓ both
have ℓ-rank equal to rkG, by Corollary 5(ii),
r1(Γ) = HFℓ(Fℓ) = H(Fℓ).
By the main theorem of [Va], this implies
Γ = H(Zℓ).

We can now prove Theorem 1.
Proof. We observe first that if L is a connected algebraic group and
D is a normal subgroup of L then D/D◦ is solvable. Indeed, if R is
the maximal normal solvable subgroup of L, every subquotient of R is
again solvable, so it suffices to prove that
im(D→ L/R)/ im(D◦ → L/R)
is solvable. It therefore suffices to prove that the component group
of every normal subgroup of L/R is solvable. However, L/R is ad-
joint semisimple, so every normal subgroup of L/R is likewise adjoint
semisimple and, in particular, connected.
Now, let Wℓ := H
i(X¯,Qℓ). Let Λℓ denote the image of GalK in
GL(Wℓ) and Lℓ denote the Zariski-closure of Λℓ. By [LP, 6.14], the
order of the component group Lℓ/L
◦
ℓ does not depend on ℓ. Therefore,
replacing K by a finite extension, we may and do assume that Lℓ
is connected for all ℓ. For each ℓ, we suppose chosen a GalK-stable
subspace Vℓ such that the resulting system of Galois representations
is compatible in the sense of Serre. Let Γℓ denote the image of GalK
in GL(Vℓ). Let ∆ℓ denote the kernel of the surjective homomorphism
Λℓ → Γℓ. Let Gℓ and Dℓ denote the Zariski-closures of Γℓ and ∆ℓ
respectively. As Lℓ is connected, the same is true of its quotient Gℓ.
As Dℓ/D
◦
ℓ is solvable, the total ℓ-rank of ∆ℓ is the same as that of
∆◦ℓ := ∆ℓ ∩D
◦
ℓ(Qℓ).
By [Hu2, Theorem A], for ℓ is sufficiently large, rkℓ Λℓ = rkLℓ. As
ker(Gℓ → Lℓ)
◦ = D◦ℓ , by part (i) of Theorem 7,
rkℓ Γℓ = rkℓΛℓ − rkℓ∆ℓ = rkLℓ − rkℓ∆
◦
ℓ ≥ rkLℓ − rkD
◦
ℓ = rkGℓ.
We obtain
rkℓ Γ
sc
ℓ = rkℓ Γℓ ≥ rkGℓ = rkG
sc
ℓ .
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By Theorem 7, Γscℓ is a hyperspecial maximal compact in G
sc
ℓ (Qℓ).
Since a reductive group G over an ℓ-adic field F is unramified if and
only if G(F ) contains a hyperspecial maximal compact subgroup [Mi,
§1], Gscℓ is unramified over Qℓ. 
3. Some Applications and Extensions
Corollary 8. If, for some ℓ0, the group obtained from G
sc
ℓ0
by extension
of scalars to Q¯ℓ0 is a product of groups of the form SLmi,Q¯ℓ0 , where each
mi satisfies mi = 5, 7 or mi ≥ 10 and at most one mi = 5, then Γ
sc
ℓ is a
hyperspecial maximal compact subgroup of Gscℓ (Qℓ) for all ℓ sufficiently
large.
Proof. By [Hu1], if Gℓ0 is of type A, with the rank of every factor
belonging to the set {4, 6} ∪ [9,∞) and at most one factor of rank 4,
then Gℓ is of type A for all ℓ. 
Corollary 9. Let G/Q be a type A subgroup of GLn. Suppose Γℓ ⊂
G(Qℓ) for all ℓ, and Γℓ0 is Zariski-dense in GQℓ0 = G ×Q Qℓ0 for
some ℓ0. Then for all ℓ sufficiently large, Γ
sc
ℓ is a hyperspecial maximal
subgroup of Gsc(Qℓ).
Proof. By [Hu1], rkGℓ is independent of ℓ and therefore always equal
to
rkGℓ0 = rkGQℓ0 = rkG.
As Gℓ ⊂ GQℓ , Lemma 2 implies G
ß
ℓ = G
ß
Qℓ
, so Gℓ is of type A for all
ℓ. The corollary now follows from Theorem 1. 
A variant of this result is the following:
Corollary 10. Suppose that in Corollary 9 we know in addition that
G is connected reductive with simply connected derived group D and
Γℓ ⊂ G(Qℓ) ∩GLn(Zℓ) for all ℓ. Then for all ℓ≫ 1, we have
Γℓ ∩D(Qℓ) = GLn(Zℓ) ∩D(Qℓ).
Proof. Clearly
[Γℓ,Γℓ] ⊂ Γℓ ∩D(Qℓ) ⊂ GLn(Zℓ) ∩D(Qℓ),
so it suffices to prove that [Γℓ,Γℓ] is a maximal compact subgroup of
D(Qℓ). As D is simply connected, the same is true for DQℓ , and it
follows that GscQℓ = DQℓ . By Corollary 9, G
sc
ℓ = DQℓ . If x, y ∈ Γℓ ⊂
G(Qℓ) have the same image in G
ß(Qℓ) as x
′, y′ ∈ D(Qℓ) respectively,
then [x, y] = [x′, y′]. It follows that [Γℓ,Γℓ] = [Γ
sc
ℓ ,Γ
sc
ℓ ]. As Γ
sc
ℓ is
a hyperspecial maximal compact for ℓ sufficiently large, it suffices to
prove that Γscℓ is perfect for ℓ≫ 1.
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Let D/Zℓ be a semisimple group scheme with DQℓ = DQℓ simply
connected and Γscℓ = D(Zℓ). Then DFℓ is simply connected, so for
ℓ ≥ 5, D(Fℓ) is a perfect quasi-simple group. Thus, [Γ
sc
ℓ ,Γ
sc
ℓ ] is a
closed subgroup of D(Zℓ) mapping onto D(Fℓ). By [Va], if ℓ ≫ 1,
[Γscℓ ,Γ
sc
ℓ ] = Γ
sc
ℓ . 
Remark 11. Suppose Gℓ is connected and reductive. Let G
der
ℓ be the
derived group of Gℓ. We have a natural map πℓ : G
sc
ℓ → Gℓ. Then
π−1ℓ (Γℓ) = Γ
sc
ℓ for ℓ ≫ 1. Indeed, we have πℓ(Γ
sc
ℓ ) ⊂ Γℓ · Zℓ(Qℓ) if Zℓ
denotes the center of Gℓ. Since Γ
sc
ℓ is hyperspecial for ℓ ≫ 1, it is
perfect for ℓ≫ 1 from the proof of Corollary 10. Therefore, we obtain
πℓ(Γ
sc
ℓ ) = [πℓ(Γ
sc
ℓ ), πℓ(Γ
sc
ℓ )] ⊂ [Γℓ,Γℓ] ⊂ Γℓ ∩G
der
ℓ (Qℓ).
This implies π−1ℓ (Γℓ) = Γ
sc
ℓ for ℓ≫ 1 since Γ
sc
ℓ is maximal compact.
Corollary 10 covers the classical GL2 case of Serre’s original theorem.
It also covers the case that Gℓ is unitary, which arises, for instance,
from the cohomology of trielliptic curves. Fix positive integers d1 and
d2 in the same residue class (mod 3), and consider the projective curve
X : y3zd1+2d2−3 =
d1∏
i=1
(x− uiz)
d2∏
j=1
(x− vjz)
2,
defined overK = Q(ζ3)(u1, . . . , ud1 , v1, . . . , vd2). If Γℓ denotes the image
of GalK in Aut(H
1(X¯,Qℓ)), then Γℓ is contained in the centralizer in
GSpn(Qℓ) of an element of order 3, the image of the automorphism
(x : y : z) 7→ (x : ζ3y : z). This centralizer is a unitary group Uℓ,
and by a result of Achter and Pries, [AP], for every ℓ, Γℓ contains the
derived group of Uℓ. By d1 + d2 iterations of the theorem of Cadoret
and Tamagawa [CT], there exist pairwise distinct ai and bj in Q such
that specializing X to ui = ai, vj = bj , the resulting curve over Q(ζ3)
satisfies the condition that the Zariski closure of monodromy contains
the derived group of Uℓ. This curve is in fact obtained from a trielliptic
curve X0 over Q by extending scalars to Q(ζ3). Thus, Corollary 10
applies to X0.
Theorem 1, Corollary 8, Corollary 9, and Corollary 10 are also true
in the following setting. Let K be a finitely generated field extension of
Q and Y a smooth, separated and geometrically connected scheme over
K. Let f : X → Y be a smooth, proper morphism with geometrically
connected fibers. Fix an integer i. For any geometric point y¯, the e´tale
fundamental group π1(Y, y¯) acts on the ith e´tale cohomology of the
fiber Xy¯ and we obtain a system of ℓ-adic representations
ρℓ : π1(Y, y¯)→ Aut(H
i(Xy¯,Qℓ)) ∼= GLn(Qℓ).
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Up to conjugation, the image Γℓ := ρℓ(π1(Y, y¯)) and its Zariski closure
Gℓ in GLn do not depend on the choice of y¯. Note that in this setting,
we assume the system comes from the full cohomology group of the
fiber rather than a subsystem.
Theorem 12. Theorem 1, Corollary 8, Corollary 9, and Corollary 10
are true for Γℓ and Gℓ in this setting.
Proof. Let Y¯ be Y ×K K¯ and k(y) be the residue field of y ∈ Y . We
have the commutative diagram
0 // π1(Y¯ , y¯) // π1(Y, y¯) // GalK // 0
Galk(y)
 ?
OO
3 S
σ(y)
ee❑
❑
❑
❑
❑
❑
❑
❑
❑
❑
with the first row exact, Galk(y) a closed subgroup of GalK , and σ(y)
injective. The system of ℓ-adic representations {ρℓ◦σ(y)} is isomorphic
to the system of Galois actions of Galk(y) on H
i(Xy¯,Qℓ). Denote the
image of ρℓ ◦σ(y) and its Zariski closure in GLn by respectively Γ
y
ℓ and
G
y
ℓ . We have inclusions Γ
y
ℓ ⊂ Γℓ and G
y
ℓ ⊂ Gℓ.
Suppose Gℓ0 is of type A for some prime ℓ0. Pick a closed point
y of Y such that Γyℓ0 is open in Γℓ0 (see [Se5, Ca]). Then the Zariski
closure of ρℓ0(π1(Y¯ , y¯)) in GLn is also of type A. Then Corollary 1.4 of
[Ca] implies Γyℓ is open in Γℓ for all ℓ. Therefore, it suffices to prove
the statements for {ρℓ ◦ σ(y)}. Since Xy → Spec(k(y)) is the generic
fiber of some smooth, proper morphism X ′ → Y ′ with geometrically
connected fibers, where Y ′ is smooth, separated, and geometrically
connected over a number field K ′, we repeat the above arguments to
further the reduce system {ρℓ ◦ σ(y)} to a compatible system of Galois
representations of e´tale cohomology arising from some complete, non-
singular variety defined over K ′, and in this setting we can appeal to
Theorem 1, Corollary 8, Corollary 9, and Corollary 10. 
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